Abstract. In this paper we propose a second-order non-linear PDE based on the complex diffusion function. The proposed method exhibits better restoration capability of ramp edges in comparison to other second-order methods discussed in the literature. The proposed model is designed for Gamma distributed multiplicative noise which commonly appears in Ultra Sound (US) and Synthetic Aperture Radar (SAR) images. The fidelity/reactive term augmented to the complex diffusive term is derived based on the Bayesian maximum a posteriori probability (MAP) estimator as detailed in Aubert and Ajol ([10]). The regularization parameter is selected based on the noise variance of the image and thus this adaptive method helps in restoring the images at various noise variances without manually fixing the parameter. The results shown in terms of both visual and qualitative measures demonstrate the capability of the model to restore images from their degraded observations.
Introduction
Restoration of images corrupted by data dependent multiplicative noise is a subject of practical interest in many imaging modalities. The data dependent multiplicative noise is commonly found in US and SAR images. Restoration under additive data dependent noise is quite extensively analyzed in the literature, the details can be found in Weickert ([3] ) and the references therein. However, data dependent multiplicative noise is not so extensively analyzed in the literature. To our knowledge the first method of that kind was introduced by Rudin et al. ([5] ). In this model the authors consider a data dependent multiplicative noise which follows a Gaussian distribution. This multiplicative Gaussian noise model is not of big practical interest. There are few dedicated studies those aim at restoring the images corrupted by Gamma and Poisson noise distributions, refer Aubert and Ajol ( [10] ) and Setzer et al.([12] ) respectively, for further details. These restoration models discussed above use the Total Variation (TV) norm of the absolute gradient function as the functional to be minimized. The diffusion equation derived from the aforementioned functional gives a second order non-linear PDE. Quite a few second-order non-linear diffusion methods are also proposed for restoring images corrupted by the multiplicative noise, see Yu and Acton( [4] ), Sun et al.([7] ) and Krissian et al.([9] ). These PDE models are variations of the well known Parona-Malik ( [1] ) model, where the coefficient of diffusion function is modified to handle various noise distributions. However these models do not directly derive the evolution equations from the noise model.
Data-Dependent Multiplicative Noise Model
Multiplicative noise commonly appears in many imaging modalities, especially in medical and satellite imaging. A common multiplicative noise model assumed in various restoration problems is defines as:
where n is a multiplicative noise which has a mean 1 and variance σ 2 . The first kind of restoration method proposed for this noise model is Rudin et al. ([5] ). In this work the authors assume a Gaussian multiplicative noise. The gradient descent solution to the PDE proposed in this model is:
where div is a divergence operator. Here the two Lagrange multipliers λ and μ are dynamically updated to satisfy the constraints as explained in Rudin et al. ([5] ). One of the major drawbacks of this model is that it assumes a Gaussian distribution for the noise. However, it is known from the history of image restoration that most of the imaging modalities of practical interest does not result in Gaussian distributed multiplicative noise. Here we assume a reflective boundary condition (∂u/∂n = 0, where n is a unit vector normal to the plane) and the initial condition u(x, y, 0) = u 0 (x, y), where u 0 (x, y) is the initial image. We further note that these boundary and initial conditions are assumed for all the PDEs stated in this work, if not mentioned otherwise.
There are few works those consider the multiplicative noise model as a log translated additive model, refer Krissian et al.([8] ) for details. Here the authors assume the data dependent nature of the noise in the log compressed images. However one can easily note that even in log compressed images the noise does not become completely independent of data. Therefore these models fail to provide an effective restoration under the multiplicative noise setup.
In another work Aubert and Ajol( [10] ) modified the reactive term of the model in order to incorporate a Gamma distributive nature of the noise. This modified model is quite applicable to various ultrasound and SAR images, where the noise amplitude is Gamma distributed or the image is speckled. The evolution PDE can be stated as:
Here λ is a regularization parameter and other symbols have their usual meanings. There are some modifications suggested for the above cited work, in the recent literature, see Huang et al.( [13] ) and Huang et al.( [11] ) for details. In Huang et al. ( [13] ) the authors replace the TV regularizer with a Weberized TV regularizer for a better restoration. And in Huang et al. ([11] ) the authors provide a modified fitting term which is convex under all conditions, therefore the solution is unique.
Complex diffusion was introduced to image processing by Gilboa et al. in Gilboa et al. ([6] ). A complex diffusion process motivated by the time dependent Schroedinger wave equation (a fundamental equation in quantum physics) can be written in an anisotropic manner as:
where Im(u) denotes the imaginary component of complex image u and
where k is a threshold parameter. 
The Proposed Model
In this work we propose a complex diffusion driven PDE for restoring specked images where the noise amplitude is Gamma distributed. In this proposed model the reactive term is borrowed from the multiplicative model proposed in Aubert and Ajol ( [10] ). This reactive term is derived with regard to the noise distribution using the Bayesian maximum a posteriori probability estimator. The proposed diffusion model looks like
where the symbols have the same meanings as defined earlier and function c(.) is defined in (5). Here λ is a regularizing parameter which controls the diffusive and reactive functionalities of the filter. We assume the limiting case of the diffusion coefficient at small values of θ. Since the negative diffusion leads to instability of the above PDE we assume the value of diffusion coefficient to be always positive. The initial condition u(x, y, 0) = u 0 (x, y) is assumed, where u 0 is the initial (observed) image which is real. One of the main features of complex diffusion is its capability to preserve ramp edges. It is observed that the gradient based diffusion coefficient functions are not quite effective in detecting the main features of ramps; namely its end points. Moreover these functions have nearly uniform values across the whole smoothed ramp, causing a non-linear gradientdependent diffusion to slow the diffusion process in those regions and therefore are less effective in noise reduction within the ramp-edges. However the Laplacian based diffusion coefficient functions have high magnitudes near the endpoints and low magnitudes elsewhere, and thus enables the nonlinear diffusion process to reduce noise over the ramp. Therefore, the proposed model is more effective in terms of noise reduction and ramp preservation compared to the other non-linear second-order diffusion processes like TV Rudin et al. ( [2] ) and Perona and Malik ( [1] ).
Numerical Implementation
We adopt an explicit time marching scheme for solving the proposed PDE numerically. The choice of the scheme is well justified by the reduced complexity and comparable accuracy. Here we show the discretization for the regularization term and the scheme is trivial for the reactive (fidelity) term.
where c(.) is defined in (5), u n denotes the image at n th iteration and the super script +/-denotes the forward/backward deference operators, respectively. The forward and backward difference operators along x and y are defined as:
Here we denote ∂u/∂x as u x . Similarly we can derive |∇u| as
With the help of above discretization we can discretize the PDE in (6)
Experimental Results and Discussions
We have tested the efficiency of the proposed method using various test images, however due to the page limitations we have demonstrated the result only for the image "woman". The input images are normalized to the range [0-1] in terms of their intensities. The Gamma noise is generated using a function written in Matlab. We have tested the images under various noise densities and the proposed model is found to be better in terms of noise reduction and details preservation as compared to the other methods considered in this work. A quantitative study is Table 1 , provides an understanding on the noise reduction capacity of various methods under consideration, tested with different images at a specified noise variance. The proposed method shows a better PSNR value compared to other considered methods. In addition to this the number of iterations taken by various methods to reach at the steady state was also analyzed in this study. We confirm that the proposed model takes slightly more number of iterations to reach the steady state in comparison to AA and RLO models, at different noise density levels.
Concluding Remarks
In this paper we have proposed a complex diffusion driven regularization filter for restoring images corrupted by multiplicative noise whose amplitude is Gamma distributed (speckled images). The restoration is found to preserve ramp features present in images. The experimental results prove beyond any doubts that the proposed model performs better in terms of visual and quantitative measures provided in the result section.
